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I. INTRODUCTION 

The problem of the quantum steering was introduced 
by E. Schrodinger in [l] as an answer to the paper of A. 
Einstein, B. Podolsky and N. Rosen [ 2 } to generalize the 
EPR paradox. Since the EPR steering can be applied 
in one-way quantum cryptography [3, J or in visualiza¬ 
tion of the two-qubit state tomography [g] the problem 
is discussed in a large number of recent papers. 

There are many definitions of the term ’steering’. In Q 
the EPR steering was defined as a form of a nonlocality in 
quantum mechanics, that is in between the entanglement 
and the Bell nonlocality. In Q the notion of steering 
was reformulated. The EPR steering was considered as 
the ability of the first system to affect the state of the 
second system through the choice of the first systems 
measurement basis. Hence, the concept of the quantum 
steering can be introduced not only for the multipartite 
(joint) systems, but also for all systems (including non 
composite ones) with correlations j§|. 

The EPR steering can be detected through the viola¬ 
tion of steering inequalities EM- Most of the steering 
inequalities are connected with the notion of the correla¬ 
tion function Q. Therefore the main focus of our paper 
is the representation of the correlation function for the 
two-qubit and for the single qudit systems. To character¬ 
ize degrees of quantum correlations in the systems we use 
the tomographic probability representation of quantum 
mechanics [l2|. We find the tomographic representation 
of the correlation functions that characterize the steer¬ 
ing in the qunatum system. We introduce the connection 
between tomograms for the two-qubit system and the to¬ 
mogram for the single qudit with the spin j = 3/2. To 
introduce the correlation function we consider the spe- 
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cific observable one which is a complete analog of the 
observable used in two qubit system but studied in the 
single qudit with the spin j = 3/2 picture. Hence, we 
can introduce the notion of the steering and detect the 
steering phenomenon in the system without subsystems. 
The physical application of the steering phenomena in 
the single qudit with the spin j = 3/2 and for the four 
level atom can be performed in the study of the infor¬ 
mation and entropic prop erties of the superconducting 
multilevel circuits [lj, E3] • 

The paper is organized as follows. In Sec. |h|we rewrite 
the correlation function for the two-qubit system in terms 
of the spin tomogram. The connection of the two partite 
system tomogram and the single qudit state tomogram is 
introduced in Sec. IIIII In Sec. HVI the correlation function 
is rewritten by means of the tomogram and the notion of 
the EPR steering is extended to the case of the system 
without subsystems (a single qudit). 

II. THE TWO-QUBIT STEERING IN THE SPIN 

TOMOGRAPHIC REPRESENTATION 

The notion of the EPR steering is best studied on the 
example of the two-qubit state, where each qubit is de¬ 
fined on two dimensional Hilbert space. Let us define 
the two-qubit quantum system on the Hilbert space. The 
density matrix of the system state in a four-dimensional 
Hilbert space TLab is the matrix pab of the size 4x4 with 
the nonnegative eigenvalues and pab = Pabi P r PAB = 1 
hold. The correlations in the such system pab can be 
described by the joint probability function 

P(a, b\A , B)=J P xP(a\A , X)P(b\B, X)dX, (1) 

where P(a\A, A) is the probability distribution of the 
measurement outcomes a under setting A for a hidden 
variable A. The hidden variable has the probability dis¬ 
tribution p\ and its hidden state is px (a local hidden 
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state (LHS)). If the following model of the correlation 

P(a,b\A,B) = y’p A P(a|A,A)Tr(^(6|S)pi b) )dA (2) 

does not exist, then the state is steerable [§]. Here n(b\B) 
is the projection operator for an observable parameter¬ 
ized by the setting B and the p^ is some pure state of 
the system B. The EPR steering can be detected through 
the violation of the steering inequalities. The steering 
inequalities are mostly based on the notion of the cor¬ 
relation function. The quantum correlation function for 
the two-qubit state is determined by 

£(fct,A&) (3) 

where ~c/ is the vector built out of the Pauli matrix, k \, k 2 
are the unit Bloch vectors of the measurement directions 
equal to ±1. 

The tomographic probability distribution of the spin 
states allows to describe the states determined by the 
density matrix p of the two qubits by means of the to¬ 
mogram. By definition the spin tomogram 


probability distributions of the first and the second qubit 
are 

h 

wi(mi|ni) = ^2 wi(mi,m 2 |ni), (6) 

m 2 =—j 2 
h 

wi(m 2 |n 2 ) = ^2 wi(mi,m 2 |n 2 ). 

mi=—ji 

It is known that the state is called separable if and only 
if the density operator of the composite system p can be 
written as 

P = ^2 Pkp( ^ ] 0 p i k) ’ '52Pk = l- 

k k 

Hence, using © tomogram © can be written as 

u;(mi,m 2 |ni,n 2 ) = ^ Pk (mi \ni)J^ (m 2 \n 2 ) 

k 

= ^2 pWv 1 ( m ! 1^1»(m 2 |n 2 , A). 

A 


w(x) = u(mi,m 2 ,u) = < mirn 2 \upu'\mim 2 > 


is the probability to obtain mi = —j i, —j i + 1,... ,j i, 
m 2 = -J 2 -, ~ji + 1, ■ ■ • ,J 2 , j 1,2 = 0,1/2,1... as the spin 
projections on directions given by the unitary matrix u. 
Here we used the notation x = (mi,m 2 ,u) and the ma¬ 
trix u is the rotation matrix of the size N x TV, where 
N = (2ji + 1)(2 j -2 + 1) holds. If we choose the rota¬ 
tion matrix as the direct product of the two matrices 
u = U\ 0 u 2 of irreducible representations of the SU (2) - 
group, i.e. 


fl. ilVj+'I’j) 

cos -fe 2 
e 
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then the latter tomography can be written as 

w(m 1 ,m 2 , ui, M2) = 

= < mim 2 \ui (g) u 2 pu\ ® m 2 |mim 2 > . 


( 4 ) 


The matrices Mi and u 2 depend only on the Euler angles 
= {1,2} which determine the directions of 
quantization, e.g., points on the Bloch sphere. Hence, we 
use the following notations u\ = u\(9\, ipi, ipi) = iti(ni), 
u 2 = u 2 (0 2 , p 2 , 4 > 2 ) = w 2 (n 2 ), where ni and n 2 determine 
directions of spin projection axes. Hence, tomogram © 
can be rewritten as 


w(mi,m 2 |ni,n 2 ) = (5) 

= < m 1 m 2 |u 1 (n 1 ) ® U 2 (n 2 )pu\{nx) g> ■u|(n 2 )|?nim 2 > . 

The latter tomogram is the conditional probability of 
projections of spins mi, m 2 on vectors n\, n 2 on the 
Bloch sphere. Hence, © is the tomographic representa¬ 
tion of the probability ©. The probability function © 
has the property of a no-signaling. Hence, the marginal 


We can rewrite the latter expression in the form ©, 
which is the LHS model in the form of the tomogram. 

The tomogram can be represented using the opera¬ 
tor U(mi,m 2 ,ni,n 2 ) called the dequantizer. What’s 
more, by the given spin tomogram one can reconstruct 
the operator of the density matrix p using the operator 
D(mi, m 2 , Mi, n 2 ) called the quantizer 


w(mi,m 2 ,Si,n 2 ) = Tr(pU(mi, m 2 , m, n 2 )), (7) 

p= ^2 j w(TOi,TO 2 ,ni,n 2 )-D(mi,TO 2 ,ni,n 2 )dnicK 2 , 

mi ,7712 

where it holds 


2n 


2n 


dn= d(p sin 9d9 / dip. 


In pl| the dequantizer and the quantizer operators for 
the two-qubit state are defined as 


J/(mi,m 2 ,ni,n 2 ) = U(mi,ni) ® t/(m 2 ,n 2 ) 


= | + m 1 F(ip 1 ,6 1 ) 


m 2 F(p 2 ,9 2 ) 
Z?(mi,m 2 ,ni,ri 2 ) = D(mi,ni) (g) D(m 2 ,n 2 ) 


-I 
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= (^2 Q?+3miF(^i,0i® 
® Q/ + 3m 2 F(v? 2 ,6» 2 )^ , 


( 8 ) 


( 9 ) 


where / is the 2x2 identity matrix and 


F(ip,9) 


cos 9 —e l ' p sin 9 \ 
—e _ * ¥ ’sin 9 — cos# J 
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Any observable A can be identified with the a Hermi- 
tian operator A. In fl 6 j the tomographic symbol wa( x ) 
of the operator A is determined by 

wa(x) = Tr(AU(x)), A = J uj A (x)D(x)dx, 

where U(x), D(x) are the dequantizer and quantizer op¬ 
erators, respectively. Using the quantizer operator as the 
dequantizer and vise versa the dual tomographic symbol 
0/4 (x) is introduced 

c4(x) = Tr(AU'(x)) = Tr(AD(x)), (10) 

A = y w^(x)D'(x)dx = J u}^(x)U(x)dx. 

Using the dual tomographic symbol m we can write the 
following trace 


Tr(Ap) = / uj A (x)u}Vx)dx. 


(ID 


Hence, using m the quantum correlation function ([3j) 
can be rewritten in the tomographic form 

E(k[,k^) = J u B (x.)ujp(x)dx (12) 

or in the equivalent form 

= y"wp(x)w|(x)dx (13) 

= ^ / w p (mi, to 2 , fti, n 2 )w^(mi, m 2 , ni, n 2 )dnidn 2 , 

mi ,7712 

where we used the notation B = kia®k 2 <J. Thus, we can 
write any steering inequity that contains the correlation 
function in terms of the spin tomograms. 


III. THE RELATION BETWEEN THE SINGLE 
QUDIT AND THE TWO-QUBIT STATES 
TOMOGRAMS 

For the single qudit with the spin j = 3/2 and the 
density matrix p we can write the tomographic represen¬ 
tation as 


3/2 


p= ^ / W(m,n)V(m,n)dn , 

m=-3/2 1 '' 

W(m,n) =Tr (u(m,n)'p s j , 


(14) 


where U (to, n ) and T>(m, n) are the dequantizer and the 
quantizer operators of the latter state, respectively. The 
tomogram W(in : n) is the conditional probability of pro¬ 
jections of the spin to on vector n on the Bloch sphere. 
Note that the later tomogram depends on less amount 
of numbers comparable to the two-qubit state tomogram 
©■ 

In 17] it was obtained that any qudit state with the 
spin j can be represented as 


JgO) _ 


dw 


= I 


where B J mi (a, (3) is the quantizer operator. For the single 
qudit state, the latter operator is defined by the following 
matrix 


B 3 r / 2 (a,p) = B lm (a,p) 


i(-l) r 


2(to + §)!(§ - to)! 


21 


5mB 2m (a,/3) + — sin/3H 3 rn (a, /?) 


where we used the notations 


J 


(h + 


rn /^) — 


9 , 


4 ■ 10 mcosf3 

3 V 3 m si n£ e < 


3y/3 n 


10 


V 


10 

oti 1_ _i_3_ 

4 ' 10 
63771 
105 


sin / 3e 


0 


to cos /3 sin /3e 

17 ^ sin (3e al 1 - wtTO cos 


0 

0 

^|^sin/3e- 


4 10 

0 l^sin/3e ai 1 -^tocos/3 / 


^ 2 m(^i (3) 


( 3cos 2 /3—1 VSe sin 2/3 VSs\\\ 2 f3e 2m 0 \ 

•\/3sin2/3e 01 — 3 cos 2 /I+ 1 0 —y/3sm 2 (3e~ 2m 

Vs sin 2 j3e 2ai 0 -3cos 2 /3 + l -VSs\n2f3er m 

V 0 —-\/3sin 2 ^e 2a * —-\/3sin2/3e Ql 3cos 2 /?—1 / 


0 —3az 


-^ 3771 (^ 5 /^) 


\ 


( f§i(f( co s 2 (3 ~ |) a/ 3 (cos 2 (3 — -g) e~ m Vs sin /3 cos /3e _2 “ l sin 2 /3e 

Vs (cos 2 (3 — 1) e“* 3|^^(cos 2 [3 — |) 3(1 — cos 2 (3)e~ m —-\/3sin/3cos (3e~ 2m 

VS sin (3 cos (3e 2m 3(1 — cos 2 f3)e m — 3f^^(cos 2 [3 — |) (cos 2 (3 — 1) e~ m 

\ sin 2 (3e 3ai sin/3 cos f3e 2ai VS(cos 2 [3 - l)e ai -ff|(cos 2 ^ - |) J 


We can use the latter operator as the quantizer for the 


single qudit system, i.e V(m , a, (3) = 


1 

8tt 2 


BV 2 (a,/3). 


To 
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write the rotation matrix (a, (3, 7 ) for the single quntizer operator can be defined by the following matri- 

qudit state we can use the Wigner’s D-function ces 


m,m 

where it holds 




d$,m(P) = 


(j + m)\(j — m)\ ) V 2 ^ ( 5) 


• (P 

sm — 


P 


(m — m,m' -\-m) 


j-m' 


COS /?), 


and P-rn' r "' m +m ' > (cos P) denote the Jacobi polynomi¬ 
als [181 ]. Hence, the rotation matrix for the single qu- 
dit state U^ 3 ^ 2 \a, /3,j) has elements U^/pa,P, 7 ) = 
D m , 7 ). Using the latter rotation matrix the de- 


U(m,a,f3) = C^ 3 / 2 )' 1 * * * V '(a, f3,”/)\m >< m\U^ 3 ^ 2 ' 1 (a, /?, 7 ). 


To find the relation between the two-qubit system and 
the single qudit system tomograms we substitute m 
into ©. We get 


w(mi, m 2 , ni, n 2 ) = (16) 

= / TrW{m,n)V(jn,n)U(mi,m2,ni,n2)dn 


= J W(m,n)Ki2dn, 


where the notation K 12 = Annuli, m 2 , m, rai, U 2 , u) = 
TrV(m, n)U(mi,m 2 ,ni,n 2 ) is introduced. We call it the 
kernel function. Using m and m we can write the 
latter kernel in the explicit form 


1 3777 * / 

Ki 2 (m, mi, m 2 , a, j3, 0i, 02 , pi, P 2 ) = 7 !—— cos /3(2mi cos0i + m 2 cos 6 * 2 ) 

4 5 \ 


(17) 


m 2 sin/3cosasin0 2 e ^ 2 (-0Z + 2 mi sin^e^ 1 ) ) - - - | ' -rr 

V J J (m + 3/2)!(3/2 — m)\ 

^21 cos (3 + cos 2 13^ (jy cos — m 2 cos # 2 ) + 10mmim2 cos 0i cos 9 2 (l — 3 cos 2 0) 

V3m2 sin/3 sin 02e^ 2 cos a ^cos 2 /3 — ^ + 21mi cos f3 sin 2 [3 cos 02 sin0ie Z¥31 cos 2a 
lOmmi sin 2 {3 e l(pi cos 9 2 sin 9\ cos 2a + Ae l(fi2 cos 0i sin 0 2 cos a ) ) 


-2 —- s j n p gj n Q ± s i n 0 2 e lVl e lV2 ( — ^ cos a + 3 cos 2 /3 cos a — sin 2 /? cos 3a 


The kernel depends on three quantum numbers and six tomograms and the dual tomographic symbols for the 
angles. Similarly we can write the inverse transformation bipartite and single qudit states, 
as 


W (m, n) 


w(m 1 ,m 2 , n\, n 2 )K 2 idnidri 2 , 


A. The Example 


where the kernel is A 21 = K 2 i(rni,m 2 ,rn,ni,n 2 ,n) = 
TrD(mi,m 2 ,ni,n 2 )U(m,n). For the dual tomographic 
symbols HID it is easy to see that 


w d (mi, m 2 , ni, H 2 ) = J W d (m,n)K d 2 dn , 
W d (m,n) = J (jj d (mi,m 2 ,ni,n 2 )K 2 1 drTidri 2 , 


where the kernels are K d 2 = K 2 i and K 21 = K 12 . The 
latter four kernels describe the connection between the 


Let us have the quantum state described by the 4x4 
Werner density matrix 


('-¥ 0 0 § \ 

0 0 0 
0 0 0 
V 1 0 0 


(18) 


where the parameter p satisfies the inequality — ^ < p < 
1. The parameter domain 1 < p < 1 corresponds to the 
entangled state. If matrix (flBl) describes the single qudit 
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state with the spin j = 3/2 the tomogram (1141) has the 


following elements 


J 


W 



P_ 

16 


j? cos 2/3 
16 


^ sin B cos 3a + JJ- cos 3a sin 3/3 + - 
32 M 32 P 4 


W 



3 P 


V 


3 P 


3a “ 


9 p 


3a" 


— (2 sin /3 — 1) — — + — sin3/3(2sin — — 1) — — sin/3(2sin — — 1) 


16 


16 32 


32 


1 

4 


W 



yj?(2 sin 2 /3 — 1) 


P_ 

16 


3p . • 3a 2 9 p . . 3a 2 

YY sm 3/3(2 sin — - 1) + sm/3(2 sin — 


1 ) 


1 

4 


IF 



P ,3p 0/P , 3p 

--cos 2/3 H-sin p cos 3a 

16 16 32 


— cos 3a sin 3/3 + 
32 


1 

4 


From the other hand, the density matrix (1181) can de¬ 
scribe the two-qubit state. Hence, substituting the latter 


tomogram and the kernel o into © we can get the 
tomogram for the two-qubit Werner density matrix 



sin j3W (m,a, f3)K 12 (m, mi, m 2 , a, /3, &i, 0 2 , </>i, </> 2 )d/3da 


1 

4 


+ pmini 2 (cos$i cos 02 + sin0i sin0 2 e^ 1 e i ^ 2 ) 


which coincides with 0. i? ® k 2 • 1? ■ The 4x4 matrix form of this observable 

reads 

IV. THE SINGLE QUDIT STEERING IN THE 
SPIN TOMOGRAPHIC REPRESENTATION 


In Sec. El! the correlation function E(k i, k 2 ) is ob¬ 
tained by measuring the quantum observable O = k\ ■ 


J 


/ k lz k 2z 

k\ z {k 2x + k 2y i) 

k2z(ki x + kiyi) 

\ ( ki x + ki y i)(k 2x + k 2y i) 


k\z{k 2 x k 2y i ) 
—ki z k 2z 

(■ h x + ki v i)(k 2x - k 2y i ) 

-k 2z (k lx + kiyi) 


k 2z {k\x kiyi) 

( k± x ki y i)(k 2x k 2y i) 
-ki z k 2z 

-ki z {k 2x + k 2y i) 


{kix ki y i)(k 2x k 2y i) 
k 2z (ki x kiyi) 

ki z {k 2x k 2y i) 
ki z k 2z 


For the two-qubit system the measuring of observable O 
is connected with the measuring spin projection of the 
first spin on the direction given by the vector k\ and 
for the second spin projection on the direction given by 
the vector k 2 . In fact, this observable is determined by 
two commuting observables 0\ = k± ■ ® 1 2 and 0 2 = 

li ® k 2 ■ which have matrix representations 


/ 

ku 

0 

kix kiyi 

0 


0 

ku 

0 

kix klyZ 


kix + kiyi 

0 

-ki z 

0 

V 

0 

ki x T kiyi* 

0 

-ku 


/ k 2z k 2x k 2y i 0 0 \ 

n k 2x + k 2y i -k 2z 0 0 I 

2 0 0 k 2z k 2x - k 2y i I ' 

\ 0 0 k 2x - k 2y i -k 2z J 

It is obvious that O = 0\-0 2 holds. In this sense the com¬ 
muting observables 0\ and 0 2 can be measured simulta¬ 
neously and the measurement of the correlation function 
E(ki, k 2 ) or the measurement of the observable O is 
reduced to the measuring the observables 0\ and 0 2 for 
the two qubits or the two-level atom. 
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The physical meaning of the correlation function is the 
following. The correlation function for the two qubits is 
used to discuss the Bells inequalities and their 

violation is detected, e.g., in [2lf. In the case of the Bell 

—y —i► 

inequalities the correlation function E{k \, k 2 ) is con¬ 
sidered for four pairs of directions k 1 and k 1 , namely 
(ti ,t 2 ) = It is 

known that for the two qubits the Bell inequality reads 
as 

\E{^^) + E{^^) + E{l,~t)~ <2 

for separable states and 

\E{~^^) + E(^ 1 ~^) + E(t, ~t)-E{2^)\ < 2V2 

holds for the entangled states. In Q the steering inequal¬ 
ity for the two-qubit state is based on the maxima of the 
correlation function ([3]) given in the following form 

.£/( k 1 , k 2 ) — ^ ^ knk< 2 j , 

i,j =1 

where are components of the correlation matrix. If 
the bypartite state is non-steerable, then the following 
inequality is fulfilled 



One can see that the Bell inequalities and the steering 
phenomenon reflect different aspects of the quantum cor¬ 
relations in two qubit system. 

To formulate the steering phenomenon for the four 
level atom or for the spin j = 3/2 states we apply the 

I 





same formalism used for two-qubit system states. We in¬ 
troduce two observables 0\ and O 2 (i.e Hermitian opera¬ 
tors) for the single qudit system. The observables 0\ and 
O 2 (operators) act in the Hilbert space of the states of the 
four-level atom (j = 3/2 qudit). The matrix form of the 
observables 0\, O 2 in the basis |3/2, 3/2 >, |3/2,1/2 >, 
|3/2, —1/2 >, |3/2, —3/2 > of the spin system is identical 
to 0\ and 0 2 - 

Then we introduce the observable O = 0\ ■ 0 2 which 
is the Hermitian operator acting in the Hilbert space H 
which is not considered as a product, i.e. T~L 7 ^ "Hi <8) 
T~L 2 . This product form was used for the system of the 
two qubits. Nevertheless due to postulates of qunatum 
mechanics any observable (the Hermitian operator) can 
be measured. We suggest to introduce the steering notion 
for the single qudit (e.g., the spin j = 3/2) to be based 
on the measuring of the correlation function £( k 1 , k 2 ) 
which corresponds to the measuring of the observable 
O in states of the single qudit. It is the main tool to 
translate the steering properties known for the composite 
systems (two qubits) to the noncomposite systems as well 
as a single qudit (four-level atom). 

Hence, analogically to (fl2l) we can write the correlation 
function of the single qudit state as 

£{t 1: t 2 ) = Jw k l cr<g)/c2 & (y)Wf(y)dy, (20) 


where the tomograms are defined by (Ill- 

Using the intertwining kernel m we can deduce that 
the correlation functions m and are mathemati¬ 
cally completely equivalent. 


W p (m,n)Wk ia(g)k2a (m,n)K 1 2K2idn = £( k 1 , k 2 ). ( 21 ) 


Here we use that K 12 K 21 = 1 holds. 


A. The Example 

If the Werner density matrix (IT51) describes the two- 
qubit state then the correlation function m is 

E(k[,k 2 ) = k lz k 2z p■ (22) 

The correlation tensor Cl is the diagonal matrix with 
entries p(l — 1 1 ) and the maximum value of the correla¬ 

tion function ||221) is equal to p in the domain 0 < p < 1/3 
and to — p in —1/3 < p < 0. Hence, the inequality (fl9l) 
is fulfilled ifO < p < 1/2 holds. Since we are inter¬ 


ested only in the entangled states, the parameter domain 
l/3<p<l/2 corresponds to the steerable Werner state. 

If the Werner density matrix m describes the single 
qudit j = 3/2 state it is straightforward to verify that the 
correlation function m has the form (B^l) that coincides 
with (12T1) . 


V. SUMMARY 

To resume we formulate the main result of our work. 
We have shown that the quantum correlations reflected 
by the phenomenon of the quantum steering available in 
the two-qubit system take place also in the single qudit 
j = 3/2. We demonstrate the inequalities for the cor- 
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relation function detecting the presence of the steering 
not only for the two-qubit states but also for the single 
qudit j = 3/2 state. The physical meaning of these cor¬ 
relations is different from the case of two qubits. The 
observables to be measured for the obtained correlation 
being mathematically completely equivalent to observ¬ 
ables measured in the experiment with two qubits are 
different for the single qudit. The results are obtained 


by using the tomographic probability representation of 
the quantum states and the intertwining kernel related 
to the two-qubit state tomogram and to the qudit j = 3/2 
tomogram is explicitly calculated. The results are illus¬ 
trated by the example of the Werner density matrix that 
can describe the two-qubit and the single qudit states. 
The extension of the steering consideration for the other 
single qudits will be done in our future publication. 
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